CE 397 Statistics in Water Resources
Exercise 2:  Frequency and Probability Distributions
Key

1.  Take the last 10 years of the Colorado River flows, 1999 to 2008 and compute by hand or with a hand-developed spreadsheet using the summation formulas (not the internal Excel functions) the mean, standard deviation, variance, median, coefficient of skewness and standard error of estimate of these data.   Verify that your results are consistent with those produced by the Descriptive Statistics tool in Excel.
Below is shown my “hand” analysis of the flow data vs. the analysis output from the Excel Descriptive Statistics tool.  Happily we see that the computed statistics match.
[image: image1.png]Year __ Flow  xx(bar) Dxx(ban)ln2 Rank __Flow
1999 | 84582 74140 54966914 1 73042
2000  49.89 -637.33 406186.93 2 wss
2001 1865.00 27778 77162.47 3 84856
2002 210965 52244 27293951 4 498y
2003 129518 -292.04  85284.50 5 129518
2004 | 245641 86919  755493.29 6 177673
2005 177673 18957 35936.93 7 1865.00
2006 73042 -856.80 734100.67 8 210965
2007 | 29945 1407.24 1980313.51 9 243641
2008 $48.56 73866 54561647 0 299445
sum 1587219 5442703.41

count 10

Hand Calculated Flow
mean 1587.22
stdev 77765 Mean 1587.219
variance 604744.82 StandardEror  245.9156
median 1535.99 Median 1535.986
lcoeff skewness 056 Mode /A
standard error__ 245.92 Standard Deviation 777.6534
sample Variance  604744.8
Kurtosis -0.82712
Skewness 0.558464
Range 2264033
Minimum 730.4219
Maximum 2994.455
sum 15872.19
Count 10




Hand Calculations based on:
Mean:  [image: image3.png]



Standard deviation:  [image: image5.png]



Median:  [image: image7.png]Xnj2+ Xnj241)




Coefficient of skewness:  [image: image9.png]



Standard error:  [image: image11.png]



2.  Use HydroExcel or other means to find another data series of interest to you and set up the Distribution Spreadsheet for these data.   Do they fit the normal or lognormal distributions?  Write a little story about your data – where do they come from?  What did you expect to see before you analyzed them? What did you find out once your analysis was complete?
There are many correct answers to this question.  The following is just an example.

For this question, I chose to evaluate the mean monthly flow data from 1959-2009 at USGS Station 05211000, Mississippi River at Grand Rapids MN.  I wanted to analyze a natural streamflow in an ephemeral stream in a northern climate.  The upper portion of the Mississippi River seemed a good example.  Grand Rapids is located in north central Minnesota about 20 miles south of the headwaters of the Mississippi River (see map below).    These data were collected using HydroExcel.  

I expect the flow patterns here to be different than we see in Texas.  The flow should be variable, but not flashy; it should also have a substantial baseflow.  Given the level of baseflow, I expect that the data will not be lognormally distributed; they may, however, be close to a normal distribution.

[image: image12.png]Address:
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For the first step, I analyzed my data for lognormal and normal distributions using the spreadsheet provided in class.  Below are screenshots of the results.

Data
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Month  Flow (cfs) LogFlow Flow (cfs) Mississippi River at Grand Rapids, MN; USGS Station 05211000; Mean Monthly Flows 1959-2009
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lajissy aoasasa 248 Mean 1380.682823

|4/1/1959 2468 239 standard Error 30.01630947 MississippiR at Grand Rapids MN, 1959-2009
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10/1/1959 1158065 3.06 Skewness 070867275 £

11/1/1959 964.4567 298 Range 3264645161 HE 250
12/1/1959 02581 234 Minimum 9825806452 E. 200 o
1/1/1960  871.2581 294 Maximum 3362.903226 K
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3/1/1960  1096.129 3.04 Count 599 é

4/1/190 1223467 3.09 Confidence Level 5895019506 1000 100
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Lognormal Histogram
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Normal Histogram
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Lognormal Chi Squared Test

[image: image16.png]2981

Bin  Freq  fslx)  Fs(x)  Fix)  p(x)  Chisg
18 0 00000 00000 00000 00000  0.0084
20 100017 00017 00002 00002 64266
22 1 00017 00033 00022 00019 00230
24 19 00317 00351 00144 0012 187159
26 40 00668 01018 00642 00438  3.4637
28 58 00968 01987 01965 01324 57187
3.0 103 01720 03706 04257 02292 85530
32 115 01920 05626 06842 02585  10.2412
34 225 0375 09382 08741 01300 108.7060
36 37 00618 10000 09651 0.0910  5.6083
Total 599 Observed  167.4649
Theoretic  14.0671
Mean 2.0562

Standard [ 0.3000

http://www.itl.nist.gov/divess/handbook/eda/section3/eda3674.htm
Number of degrees of freedom = #bins - #parameters - 1=10-2-1=7
Chisquare with 9 degrees of freedom and alpha =0.05 =14.07,

50 hypothesis that the data are log normally distributed can be rejected.

0.40
0.35
0.30
0.25
0.20
0.15
0.10
0.05
0.00

OB S
O RN DTS

mfs(x)
= p(x)

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0.0

Cumubtive Probability

MississippiR at Grand Rapids MN, 1959-2009

-
-

500

5000
Mean Monthly Flow (cfs)

+ Fs(x)
—Fx)





Normal Chi Squared Test

[image: image17.png]il Bkl Bl Bl ol Il Bl Bl Bl Bl kol ol Bl ol Il el Bl Bl Bl Bl ol Bl Bl ol Al Bl Bl Bl Bl Bl ol Bl Bl il Bl Bl Bl Bl Bl Bl Bl

Flow (cfs)
100

50

200

1150

Bin Freg
100 1
450 n
800
1150 %2
1500
1850 105
2200 EY
2550 49
2900 27
3250 4
3600 2
Total 599

Mean 13806828
Standard 7346235

Fs{x)
0.0000
01185
0.2688
04224
0.5359
[LRzET)
0.8614
0.9432
0.9883
0.9950
0.9983

px)

Observed
Theoretic:

0.20

0.15

0.10

0.05

0.00

MississippiR at Grand Rapids MN, 1959-2009

mfs(x)
= p(x)
i -

100 450 800 11501500185022002550290032503600

MississippiR at Grand Rapids MN, 1959-2009

1.0  aad
0.9
0.8 /

Cumubtive Probability

0.2
0.1
0.0

0.7
0.6

05
04 *, + Fs(x)

03 —Fx)

500 5000
Mean Monthly Flow (cfs)





Lognormal Probability Plot
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Normal Probability Plot
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According to this analysis, the 50-years of mean monthly flow data at the Mississippi River at Grand Rapids MN gauge are probably not lognormally distributed.  Using the chi squared test to check the normality of the log-transformed data results in an observed chi squared value of 167.47 and a theoretical value of 14.07.  I, therefore, reject the null hypothesis of this test; with a 95% confidence level, I am not able to prove that these data are lognormally distributed.  Similar results are found when a probability plot of the data is made.  The probability plot correlation coefficient is 0.887, which is less than the required 0.95 for a 95% confidence level.
I have mixed results for the test for normality, however.  The chi squared test results in an observed value of 84.84 and a theoretical value of 15.5.  In this case, I reject the null hypothesis and say that the data are not normally distributed.  Using the probability plot, however, I get a probability plot correlation coefficient of 0.9851.  This value is larger than the required 0.95 (for a 95th percentile confidence level) and shows that the data agree with the normal distribution.

The pattern that I see in this data is somewhat as I expected.  I was surprised that it was so consistent, however.  The histogram for the non-transformed flows shows a fairly constant number of data points in the bins from 800 to 2200 cfs with a slight decrease at the 1500 cfs bin.  This decrease plays a large role in the non-fit of the chi squared test for normal distribution.  Perhaps the flows would be better described by a bimodal distribution.  Otherwise I saw statistics that were close to what I anticipated, a non-flashy river with a substantial portion of baseflow.
3. Calculate the mean, standard deviation and variance of a random variable X, whose distribution is uniform from 0 to 1.
For the uniformly distributed random variable, X, we know that the probability density function from 0 to 1 must be equal to unity.  In other words, [image: image21.png]fx)=10=x=1



.  We use this information to calculate the mean as
[image: image22.png]+
xf()dx = f x(D)dx = 7(1 —0)=05





The variance is then
[image: image23.png]o 1 1
o= I (x —p)f(xdx = I (x —05)?(1)dx =3 (x — 0.5)3] [0.5% — (—0.5)%] = 0.0833
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And finally, the standard deviation is simply
[image: image24.png]1/0.0833 = 0.2887





4. Use the Analysis Toolpak function Random Number Generation to generate 1000 random numbers that are uniformly distributed from 0 to 1.  Use a seed of 1.  Calculate the cumulative mean of these data.   Take the last 50 summed values (ie from 950 to 1000) and fit a normal distribution to them.  If you sum uniformly distributed random variables, does the sum become normally distributed?   Can you take the formulas you computed in (3) and predict the mean, standard deviation and variance you observe in these last 50 data values?
Below is shown the random numbers generated by Excel and the cumulative mean of these numbers.  From the plot, we can see that the cumulative mean stabilizes at around 250 values into the analysis.
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It turns out that having a single generated series of values is insufficient to properly characterize the variability of the cumulative mean of these series.  The theoretical variance is 10002 *(0.0833/1000 = 0.00008333.  In some cases, the variance computed from the last 50 values of a single series was about one half of this value.   After some experimentation, a set of 100 replicates of the 1000 random variables was generated and the cumulative mean of each of the 100 series was computed.   Then, a variance of these means was computed beginning just with two series, three series, four series, …., 100 series.   The result is presented below, which shows that about 10 replicates are needed to get the variance in the right region, and that after 100 replicates the variance is at the theoretical value, although there is a considerable fluctuation around that value before it is reached.
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A similar exercise performed on the average of the cumulative mean of two replicates, three replicates, …, 100 replicates, is shown below
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This shows that the observed mean is slightly biased above its theoretical value of 0.5.   
Lastly let’s check out the normality of the 1000’th random variables in these lists (the last random variable in these 100 replicate lists).  We can take these 100 values and put them through our tests of normality: the chi squared test, a cumulative distribution plot, and a probability plot.  Here’s what we get.
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All tests show a result that our data is, indeed, normally distributed.  We said above that we’d expect the random variables to be normally distributed with a mean of 0.5 and a standard deviation of 0.0091 (based on our theoretical calculations).  Assessing the 1000’th values of 100 trials gives us the result that we hoped for.

These exercises demonstrate the sample properties of theoretical distributions have to be carefully constructed and they don’t converge to the true values without significant replication.

Now let’s use our results from Question 3 to predict the mean, standard deviation and variance of 1000 independent and identically distributed random variables.  If we sum 1000 random variables that are uniformly distributed from 0 to 1 we expect that 

[image: image30.png]expected sumof variables = 51500 = 1000 * 0.5 = 500




We also know that the variance of the sum of independent and identically distributed random variables is the sum of the variances of those numbers.
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Our standard deviation is then

[image: image32.png]Standard deviation of sum = _|ofy,, =83 = 9.1




We therefore have a normally distributed variable with a mean of 500 and a standard deviation of 9.1.

[image: image33.png]S1000 = N(500,9.1)




The expected distribution of these variables is then

[image: image34.png]700G 1000 = N(0.5,0.0091)




With a mean value of 0.5 and a variance around that mean of (0.0091)2=0.000083.

