
𝑑𝑑𝐵𝐵𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑

= lim
∆𝑡𝑡→0

𝐵𝐵𝐶𝐶𝐶𝐶(𝑡𝑡+∆𝑡𝑡) − 𝐵𝐵𝐶𝐶𝐶𝐶(𝑡𝑡)

∆𝑡𝑡

𝑉𝑉

𝑉𝑉

𝑛𝑛

𝑛𝑛dA

dA

CV(t)

CV(𝑡𝑡 + ∆𝑡𝑡)

CS(t)

CS(𝑡𝑡 + ∆𝑡𝑡)

“Gained” Volume

“Lost” Volume

𝐵𝐵𝐶𝐶𝐶𝐶 = �
𝐶𝐶𝐶𝐶

𝑏𝑏𝑏𝑏𝑏𝑏∀ 𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑑𝑑 𝑛𝑛

Reynolds Transport Theorem
Extensive B Intensive b= 

=B per unit mass

CE319F (S.A. Kinnas, 2020) Reynolds Transport Theorem

𝑛𝑛 : unit vector normal to 
CS, pointing OUT of CV

𝑉𝑉 : flow velocity vector

1

Definition:



𝑑𝑑𝐵𝐵𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑

= 𝜕𝜕
𝜕𝜕𝜕𝜕 ∫𝐶𝐶𝐶𝐶 𝑏𝑏𝑏𝑏𝑏𝑏∀ + ∫𝐶𝐶𝐶𝐶 𝑏𝑏 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑 = ∫𝐶𝐶𝐶𝐶

𝜕𝜕(𝑏𝑏𝑏𝑏)
𝜕𝜕𝜕𝜕

𝑑𝑑∀ + ∫𝐶𝐶𝐶𝐶 𝑏𝑏 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑

𝑉𝑉

𝑉𝑉

𝑛𝑛

𝑛𝑛dA

dA

CV(t)

CV(t+dt)

CS(t)

CS(t+dt)

“Gained” Volume

“Lost” Volume

𝐵𝐵𝐶𝐶𝐶𝐶 = �
𝐶𝐶𝐶𝐶

𝑏𝑏𝑏𝑏𝑏𝑏∀ 𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑑𝑑 𝑛𝑛

Reynolds Transport Theorem
Extensive B Intensive b= 

=B per unit mass

Elementary mass rate coming 
out of (if >0) or into (if<0) CV

CE319F (S.A. Kinnas, 2020) Reynolds Transport Theorem

𝑛𝑛 : unit vector normal to 
CS, pointing OUT of CV

𝑉𝑉 : flow velocity vector

NOTE: In general 𝑉𝑉 is the velocity with which CS moves. Here we consider that  the CS moves with the flow.

2



𝑑𝑑𝐵𝐵𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑

= 𝜕𝜕
𝜕𝜕𝜕𝜕 ∫𝐶𝐶𝐶𝐶 𝑏𝑏𝑏𝑏𝑏𝑏∀ + ∫𝐶𝐶𝐶𝐶 𝑏𝑏 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑 = ∫𝐶𝐶𝐶𝐶

𝜕𝜕(𝑏𝑏𝑏𝑏)
𝜕𝜕𝜕𝜕

𝑑𝑑∀ + ∫𝐶𝐶𝐶𝐶 𝑏𝑏 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑

Applications of Reynolds Transport Theorem

B= mass m            b=1

CE319F (S.A. Kinnas, 2020) Reynolds Transport Theorem

Steady flow:

𝑉𝑉

𝑉𝑉

𝑛𝑛

𝑛𝑛dA

dA

CV(t)

CV(t+dt)

CS(t)

CS(t+dt)

𝑑𝑑𝑚𝑚𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑

= 𝜕𝜕
𝜕𝜕𝜕𝜕 ∫𝐶𝐶𝐶𝐶 𝜌𝜌𝜌𝜌∀ + ∫𝐶𝐶𝐶𝐶 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑 = 0

𝑚̇𝑚𝐶𝐶𝐶𝐶 = 𝑚̇𝑚𝑖𝑖𝑖𝑖 - 𝑚̇𝑚𝑜𝑜𝑜𝑜𝑜𝑜

𝑚̇𝑚𝑖𝑖𝑖𝑖 = 𝑚̇𝑚𝑜𝑜𝑜𝑜𝑜𝑜

Conservation of mass

3



𝑑𝑑𝐵𝐵𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑

= 𝜕𝜕
𝜕𝜕𝜕𝜕 ∫𝐶𝐶𝐶𝐶 𝑏𝑏𝑏𝑏𝑏𝑏∀ + ∫𝐶𝐶𝐶𝐶 𝑏𝑏 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑 = ∫𝐶𝐶𝐶𝐶

𝜕𝜕(𝑏𝑏𝑏𝑏)
𝜕𝜕𝜕𝜕

𝑑𝑑∀ + ∫𝐶𝐶𝐶𝐶 𝑏𝑏 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑

Applications of Reynolds Transport Theorem

B= momentum 𝐽𝐽 b= 𝑉𝑉

CE319F (S.A. Kinnas, 2020) Reynolds Transport Theorem

Steady flow:

𝑉𝑉

𝑉𝑉

𝑛𝑛

𝑛𝑛dA

dA

CV(t)

CV(t+dt)

CS(t)

CS(t+dt)𝑑𝑑𝐽𝐽𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑

= 𝜕𝜕
𝜕𝜕𝜕𝜕 ∫𝐶𝐶𝐶𝐶 𝑉𝑉𝜌𝜌𝜌𝜌∀ + ∫𝐶𝐶𝐶𝐶 𝑉𝑉𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑

𝑑𝑑𝐽𝐽𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑

= ∫𝐶𝐶𝐶𝐶 𝑉𝑉𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑

4



𝑑𝑑𝐵𝐵𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑

= 𝜕𝜕
𝜕𝜕𝜕𝜕 ∫𝐶𝐶𝐶𝐶 𝑏𝑏𝑏𝑏𝑏𝑏∀ + ∫𝐶𝐶𝐶𝐶 𝑏𝑏 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑 = ∫𝐶𝐶𝐶𝐶

𝜕𝜕(𝑏𝑏𝑏𝑏)
𝜕𝜕𝜕𝜕

𝑑𝑑∀ + ∫𝐶𝐶𝐶𝐶 𝑏𝑏 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑

Applications of Reynolds Transport Theorem

B= momentum 𝐽𝐽 b= 𝑉𝑉

CE319F (S.A. Kinnas, 2020) Reynolds Transport Theorem

𝑉𝑉2
𝑉𝑉1𝑛𝑛1

𝑛𝑛2

∫𝐴𝐴1 𝑉𝑉1 𝜌𝜌𝑉𝑉1 .𝑛𝑛1 dA1 = - 𝑉𝑉1 𝜌𝜌𝑉𝑉1𝐴𝐴1 = - 𝑉𝑉1 𝜌𝜌𝜌𝜌 = − 𝑚̇𝑚𝑉𝑉1

∫𝐴𝐴2 𝑉𝑉2 𝜌𝜌𝑉𝑉2 .𝑛𝑛2 dA2 = 𝑉𝑉2 𝜌𝜌𝑉𝑉2𝐴𝐴2 = 𝑉𝑉2 𝜌𝜌𝜌𝜌 = 𝑚̇𝑚𝑉𝑉2

A1

A2Uniform inflow and outflow CS

�𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒 =
𝑑𝑑𝐽𝐽
𝑑𝑑𝑑𝑑 = 𝑚̇𝑚 (𝑉𝑉2 − 𝑉𝑉1)

Q: What about the integral 
over the sides of CS?

(Steady Flow)

5



CE319F (S.A. Kinnas, 2020) Reynolds Transport Theorem

Example 6.6 of the Textbook
∑𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑑𝑑𝐽𝐽

𝑑𝑑𝑑𝑑
= 𝜕𝜕

𝜕𝜕𝜕𝜕 ∫𝐶𝐶𝐶𝐶 𝑉𝑉𝜌𝜌𝜌𝜌∀ + ∫𝐶𝐶𝐶𝐶 𝑉𝑉𝜌𝜌𝑉𝑉 . 𝑑𝑑𝑑𝑑

∑𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒,𝑥𝑥= 𝑑𝑑𝐽𝐽𝑥𝑥
𝑑𝑑𝑑𝑑

= ∫𝐶𝐶𝐶𝐶 𝑉𝑉𝑥𝑥𝜌𝜌𝑉𝑉. 𝑑𝑑𝑑𝑑

Drag

6

−𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 + 𝑝𝑝1𝐴𝐴1 − 𝑝𝑝2𝐴𝐴2 = 

∫𝐶𝐶𝐶𝐶1 𝑉𝑉1 𝜌𝜌𝑉𝑉1 . 𝑑𝑑𝑑𝑑1 +  ∫𝐶𝐶𝐶𝐶2 𝑉𝑉2 𝜌𝜌𝑉𝑉2 . 𝑑𝑑𝑑𝑑2

𝑝𝑝1𝐴𝐴1
𝑝𝑝2𝐴𝐴2

-Drag

Force from device to air

𝑉𝑉1 = 𝑉𝑉 𝑉𝑉2 = 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚
𝑟𝑟
𝑅𝑅

r −𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 + (𝑝𝑝1− 𝑝𝑝2) 𝜋𝜋𝐷𝐷
2

4
=

−𝜌𝜌𝑉𝑉2 𝜋𝜋𝐷𝐷
2

4
+ 9

8
𝜌𝜌𝑉𝑉2 𝜋𝜋𝐷𝐷

2

4



CE319F (S.A. Kinnas, 2020) Reynolds Transport Theorem

Example 6.6 of the Textbook (continued)

7

∫𝐶𝐶𝐶𝐶1 𝑉𝑉1 𝜌𝜌𝑉𝑉1 . 𝑑𝑑𝑑𝑑1 = −𝜌𝜌𝑉𝑉2 𝜋𝜋𝐷𝐷
2

4

∫𝐶𝐶𝐶𝐶2 𝑉𝑉2 𝜌𝜌𝑉𝑉2 . 𝑑𝑑𝑑𝑑2 = 9
8
𝜌𝜌𝑉𝑉2 𝜋𝜋𝐷𝐷

2

4

𝑉𝑉1 = 𝑉𝑉

𝑉𝑉2 = 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚
𝑟𝑟
𝑅𝑅

𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 =
3
2𝑉𝑉



𝑑𝑑𝐵𝐵𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑

= 𝜕𝜕
𝜕𝜕𝜕𝜕 ∫𝐶𝐶𝐶𝐶 𝑏𝑏𝑏𝑏𝑏𝑏∀ + ∫𝐶𝐶𝐶𝐶 𝑏𝑏 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑 = ∫𝐶𝐶𝐶𝐶

𝜕𝜕(𝑏𝑏𝑏𝑏)
𝜕𝜕𝜕𝜕

𝑑𝑑∀ + ∫𝐶𝐶𝐶𝐶 𝑏𝑏 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑

Applications of Reynolds Transport Theorem

B= energy E (kinetic + potential)            b= 𝑉𝑉2

2
+ 𝑔𝑔𝑔𝑔

CE319F (S.A. Kinnas, 2020) Reynolds Transport Theorem

𝑉𝑉

𝑉𝑉

𝑛𝑛

𝑛𝑛dA

dA

CV(t)

CV(t+dt)

CS(t)

CS(t+dt)

𝑑𝑑𝐸𝐸𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑

= 𝜕𝜕
𝜕𝜕𝜕𝜕 ∫𝐶𝐶𝐶𝐶

𝑉𝑉2

2
+ 𝑔𝑔𝑔𝑔 𝜌𝜌𝜌𝜌∀ + ∫𝐶𝐶𝐶𝐶

𝑉𝑉2

2
+ 𝑔𝑔𝑔𝑔 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑

Steady flow:

𝑑𝑑𝐸𝐸𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑

= ∫𝐶𝐶𝐶𝐶
𝑉𝑉2

2
+ 𝑔𝑔𝑔𝑔 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑

8



𝑑𝑑𝐵𝐵𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑

= 𝜕𝜕
𝜕𝜕𝜕𝜕 ∫𝐶𝐶𝐶𝐶 𝑏𝑏𝑏𝑏𝑏𝑏∀ + ∫𝐶𝐶𝐶𝐶 𝑏𝑏 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑 = ∫𝐶𝐶𝐶𝐶

𝜕𝜕(𝑏𝑏𝑏𝑏)
𝜕𝜕𝜕𝜕

𝑑𝑑∀ + ∫𝐶𝐶𝐶𝐶 𝑏𝑏 𝜌𝜌𝑉𝑉 .𝑑𝑑𝑑𝑑

Applications of Reynolds Transport Theorem

B= volume ∀

CE319F (S.A. Kinnas, 2020) Reynolds Transport Theorem

𝑉𝑉

𝑉𝑉

𝑛𝑛

𝑛𝑛dA

dA

CV(t)

CV(t+dt)

CS(t)

CS(t+dt)

𝑑𝑑∀𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑

= �
𝐶𝐶𝐶𝐶

𝜕𝜕(1)
𝜕𝜕𝜕𝜕

𝑑𝑑∀ + �
𝐶𝐶𝐶𝐶

𝑉𝑉 .𝑑𝑑𝑑𝑑 = 0

9

𝑏𝑏 = 1/𝜌𝜌

𝑑𝑑∀𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑 = �

𝐶𝐶𝐶𝐶

𝑉𝑉 . 𝑑𝑑𝑑𝑑

𝑑𝑑∀𝐶𝐶𝐶𝐶
𝑑𝑑𝑑𝑑 = 𝑄𝑄𝑖𝑖𝑖𝑖 − 𝑄𝑄𝑜𝑜𝑜𝑜𝑜𝑜
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