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1 INTRODUCTION

Analytical forms of two alternate solutions for steady nonlinear waves based on the fifth-order Stokes
theory of Skjelbreia and Hendrickson [1], and Fenton [2] are presented. The intent of the notes is to
provide a brief outline of the wave characteristics without presenting the underlying theory. Please note
the applicability of the models depend on the Ursell Parameter (for a complete description, refer to
Dean|3])
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~ 26 (1)
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2 NOMENCLATURE

Figure 1: Important characteristics of a nonlinear wave

2.1 Wave Characteristics

H wave height

L wave length

T wave period

c wave speed

d mean depth of water
(distance from bottom surface to mean water line, M.W.L)

g gravitational acceleration

k wavenumber = 27 /L

(x, 2) : Cartesian coordinates fixed to bottom surface through which
waves move at speed ¢

n = n(x,t) : wave elevation, elevation of free-surface above M.W.L

¢ = p(x,2,t) : velociy potential with respect to (&, 2) coordinate system
u = u(x,z,t) : horizontal component of velocity with respect to (x, 2z) coordinate system
v = v(x,2,t) : vertical component of velocity with respect to (x, 2) coordinate system
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3 SOLUTION 1

The analytical form of nonlinear waves based on the theory of Skjelbreia and Hendrickson [1].

3.1 Wave Elevation
The wave elevation 7 is expressed as a Fourier series
kn = Acos(6)
+ (A2B32 4+ A*B24) cos(26)
+ (A3Bss + A\®Bss) cos(36) (2)
+ A By cos(46)
+ A% Bs5 cos(50)

where @ = k(x — ct). Equation (2) can be written in a more simplified form as

5
- kx"w-é kn = Z A"b,, cos(n0) (3)
n=1
where,
bp=1
; bz = B2z + A2B2y
bs = Bss + A*Bgss (4)
by = Byy
bs = Bss

In the above expansion, the quantity A has no physical significance and may be interpreted as a length
scale equal to the amplitude of the wave at lowest order (Fenton, [2]). The coefficients B;; are dimen-
sionless functions of d and L (refer to Appendix A).

3.2 Wave Potential

The velocity potential can be written as

k
— ¢ = (AA11 4+ A3A;3 + A% A;5) cosh(kz) sin(8)
c
+ (A2A22 + At A24) cosh(2kz) sin(20)
+ (A3 A3z + A® Ags) cosh(3kz) sin(36) (5)
+ (M Ay4) cosh(4kz) sin(40)
+ (A3 Ajs) cosh(5kz) sin(56)

Equation (5) can be written in a simplified form as follows

X 5
—p= ) X"a, cosh(nkz) sin(nb) (6)

n=1
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where,

a; = A1 + A2A55 + MA;g;
az = Azz + A2Ay,

as = Asz + A%Ags (7)
ag = Ay
as = Ass

The coefficients A;; are dimensionless functions of d and L (refer to Appendix A).

3.3 Velocity Components

The horizontal and vertical velocity components are derived from the expression for the velocity poten-
tial, as given in Equation (6).

k ko 2 80
p u = ZEE = 2=:1 A"a,, cosh (nkz)cos (nf)n % (8)
0 =k( t) 6e—k Th
. = T —ct), 8:1: =K. us
“ 5
—= Z A" n a,, cosh (nkz) cos (nB) 9
¢ n=1
Similarly,
k ko
Po=22%_ Z A"a,, sinh (nkz) sin (n@) nk (10)
c c8z —
or,
5
Y= Z A" n a, sinh (nkz) sin (n0) (11)
¢ n=1

3.4 Application

For a given H, d and T, the wave length L and the parameter A\ are obtained by solving a set of
nonlinear equations of the form

nH L
—(—i_ = E [A + )\3333 + A5(335 + 355)]
(12)
d d
— = —tanh(kd) (1 4+ A2C; + \1C,)
Ly L
where Cy and C3 are coefficients that are functions of d and L (refer to Appendix A) and
gT?
Lo ==— 13
0 2 (13)
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4 SOLUTION II

The analytical form of nonlinear waves based on the theory of Fenton [2].

4.1 Wave Elevation

The wave elevation n is expressed as a Fourier series

kn = [e + e3B3; — €3(Bs3 + 355)] cos(0)

+ (€2B22 + €*By3) cos(26)
+ (—€®B3; +€°Bsg) cos(36)
+ €*Byy cos(40)

+ €5 Bsgs cos(50)

(14)

where @ = k(x — ct). Equation (14) can be written in a more simplified form as

5
kn = Z €"by, cos(nh)

n=1

where,

by = 1+ €2B3; — €*(Bs3 + Bss)

by = B2z + €?Byo
bs = —B3; + €2Bs3
by = Byg

bs = Bss

_nt
=T

In the above expansion, the quantity(e = kH /2)represents the dimensionless wave height. The coefli-
cients Bj;; are dimensionless functions of d and L (refer to Appendix B).

4.2 Wave Potential

The velocity potential can be written as

1 /k®
o\ 7 ¥P= (eAy; + €3 A3; + €% Ag1) cosh(kz) sin(6)
oy g9
+ (€2 A3z 4 €?A42) cosh(2kz) sin(26) (a7
+ (2 A3z + € Aj3) cosh(3kz) sin(36)
+ (€*A44) cosh(4kz) sin(40)
+ (€% Ass) cosh(5kz) sin(50)
Equation (17) can be written in a simplified form as follows
1 (k3 2
V7 p= Z €"a, cosh(nkz) sin(n@) (18)
0

n=1
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where,

= A1 + €2 A3 + €* A5y
az = Az + €€ Ayg2

a3 = Ags + €2 Ass (19)
ay = Ayy
as = Ass

The coefficients Co and A;; are dimensionless functions of d and L (refer to Appendix B).

4.3 Velocity Components

The horizontal and vertical velocity components are derived from the expression for the velocity poten-
tial, as given in Equation (18).

1 k:3 80
e "a,, cosh (nkz) cos (n@) n — (20)
Co Co ne1 Oz

80
0 = k(x — ct), Y k. Thus
x

1 /k

u = Z €™ n a, cosh (nkz) cos (n6) (21)
CO n=1
Similarly,
1 k3 1 (kK3 8p O
— [ — V== [— — = €"ansinh (nkz)sin (n@)n k 22
il "= G\s o = X <"ansinh (nk2)sin (0 (22)
or,
1 /k
o\l v = Z €" n an,sinh (nkz) sin (n6) . (23)
o n=1

4.4 Application
For a given H, d and T, the wave length L can be obtained by solving the dispersion relation
27

TVgk

where Cp, C2 and Cjy are dimensionless functions of d and L (refer to Appendix B).

Co + 6202 + €4C4 =

(24)
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Appendix A

S = sinh(kd)

C = cosh(kd)

A, = 1/8

Az = —C?*(5C? +1)/(85%)

Ais = —(1184C*° — 1440C® — 1992C° + 2641C* — 249C? + 18)/(1536S'?)

Az = 3/(85%)

Azq = (192C® — 424C® - 312C* + 480C? — 17)/(768510)

Azz = (13 —4C?)/(6487)

Ass = (512C*2 4 4224C*'° — 6800C® — 12808C° 4 16704C* — 3154C? + 107)
/[4096S13(6C2 — 1)]

A4y = (80C® — 816C* 4 1338C2 — 197)/[15365°(6C? — 1)]

Ags = —(2880C*° — 72480C® + 324000C° — 432000C* + 163470C? — 16245)
/[61440S'1(6C? — 1)(8C* — 11C? + 3)]

B, = C(2C?+1)/(45%)

B2y = C(272C% — 504C° — 192C* + 322C? 4 21)/(384S5°)

B33 = 3(806 + 1)/(6456)

Bss = (88128C** — 208224C"2 4 70848C*° + 54000C® — 21816C*® + 6264C* — 54C? — 81)
/[12288S12(6C2 — 1)]

B4y = C(768C'° — 448C® — 48C° + 48C* + 106C? — 21)/[384S°(6C? — 1)]

Bss = (192000C*® — 262720C** 4 83680C*2 4 20160C*° — 7280C*® + 7160C® — 1800C* — 1050C? + 225)
/[12288S1°(6C? — 1)(8C* — 11C? + 3)]

C: = (8C*—-8C?+9)/(85%)

C: = (3840C*2 — 4096C*° — 2592C® — 1008C® + 5944C* — 1830C? + 147)

/[5125%0(6C2 — 1)]
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Appendix B

S

C

A
A2z
Az
Ass
Ag2
Agq

Agy

Ags

A55

Bz
Bs
By2
By

Bss

Bgs

Co
Ca

Cy

4
sech(2kd) —
cosh (2 kd)
1-S5
1/ sinh(kd)
3S2/(2C?)

(—4 — 208 + 1052 — 1353)/[8 sinh(kd)C3]

(—282% 4+ 1183) /[8 sinh(kd)C3]

(128 — 1482 — 26483 — 4554 — 1355%)/(24CP)
(1083 — 17454 + 29185 + 2785%) /[48(3 + 25)C5)

(—1184 + 328 + 1323282 + 2171253 + 20940584 + 12554 x S® — 5005® — 334157 — 670S8)
/[64sinh(kd)(3 + 2S)(4 + S)C?®]

(45 + 10552 + 19853 — 13765% — 1302S% — 117S° + 58S87)
/[32 sinh(kd)(3 + 25)C?]

(—68® + 2725% — 155255 + 8525° + 202987 + 43058)
/[64 sinh(kd)(3 + 2S)(4 + S)C%]

coth(kd)(1 + 2S)/(2C)

-3(1+3S+ 352 + 28%)/(8C3)

coth(kd)(6 — 26S — 18252 — 20453 — 258 4 26S5°)/[6(3 + 25)C*]
coth(kd)(24 + 9285 + 12252 + 66S3 + 6754 + 345%)/[24(3 + 2S5)C4)

9(132 + 17S — 221652 — 589753 — 62925* — 268755 + 19458 + 46757 + 82S58)
/[128(3 + 25)(4 + S)C®)

5(300 + 15795 + 317652 + 294953 4 118854 + 675S° + 1326S° + 827S7 + 130S%)
/[384(3 + 28)(4 + S)C?)

+/tanh(kd)
Co(2 + 782%)/(4C?)

Co(4 + 325 — 11652 — 40053 — 715 + 146S5%)/(32C5)
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