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Curve Fitting

Nonlinear Regression

* Minimize the residual between the data points
and the curve -- least-squares regression
— Linear Yi = dp + ax;
— Quadratic Vi =ag + apx; + axi

. .
— Exponential (base e)  vi=ae™

— Power (base x) vi =ax

— Saturation-Growth i =abxi
+Xi




Exponential Relationship

If the relationship is an exponential function

bxl-
yj =ae

To make it linear, take logarithm of both side
In(y;) = In(a) + bx; > Y = A+by;

Now it’s a linear relation between Y (=In(y)) and x

Need to estimate the values of A (=In(a)) and b

Power Relationship

If the relationship is a power function

b
Yi = ax;

To make it linear, take logarithm of both side
In(y;) = In(a) + bIn(x;) mwmmmm) Y, = A+ DX,

Now it’s linear between Y (=In(y)) and X (= In(x))

Need to estimate the values of A (=In(a)) and b
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Saturation-Growth Relationship

If the relationship is a saturation-growth function
b+ici

To make it linear, invert the equation

1011 ) Y, = A+BX;

yi=

Now it’s linear between Y (=1/y) and X (= 1/x)

Need to estimate the values of A (=1/a) and B (=b/qa)

Some Examples

« Quadraticcurve y = ay + ax + apx>

— Flow rating curve:

* Q=measured discharge, Q=ay+ aH+ a2H2
¢ H = stage (height) of water behind outlet

b
e Power curve y =ax

— Sediment transport: ¢ = aqb
¢ ¢ =concentration of suspended sediment
¢ q=river discharge

— Carbon adsorption:
¢ g = mass of pollutant sorbed per unit mass of carbon, q = K(c)"
e C=concentration of pollutant in solution
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Example — Power Function

X y Log(x)  Log(y)

1.2 2.1 0.18 0.74

2.8 115 1.03 2.44

4.3 28.1 1.46 3.34

5.4 419 1.69 3.74

6.8 72.3 1.92 4.28

79 91.4 2.07 452
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Example — Power Function

Using the log’s, not the original x’s and y’s

n T n 5 5
i=1 a}= i=1 i=1 i=1
n nooB n 5 5
X; 2Xi| 2 XY SX? = Sn(x;)? = 140
i=1 i:1 l=1 i=1 i=1
)
N Y, = Sln(y;) = 191
[ 6 834 a] [19.1} o' g
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- 2XiY; = ZIn(xy)In(y;) = 314
i=1 i=1
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